The existing assignment problems for assigning n jobs to n individuals are limited to the considerations of cost or profit measured as crisp. However, in many real applications, costs are not deterministic numbers. This paper develops a procedure based on Data Envelopment Analysis method to solve the assignment problems with fuzzy costs or fuzzy profits for each possible assignment. It aims to obtain the points with maximum membership values for the fuzzy parameters while maximizing the profit or minimizing the assignment cost. In this method, a discrete approach is presented to rank the fuzzy numbers first. Then, corresponding to each fuzzy number, we introduce a crisp number using the efficiency concept. A numerical example is used to illustrate the usefulness of this new method.
Introduction
An important special case of the transportation problem is the assignment problem. In a standard assignment problem, the aim is to assign n jobs/tasks to n machines/ individuals such that the total cost is minimized or the total profit is maximized. There are several methods to solve this kind of problems, such as the dual simplex method (Balinski, 1986) and the primal-dual algorithm (McGinnis, 1983) . A well-known method for the assignment problem is 'Hungarian method' which was designed by Kuhn (1955) . The method is based on a proof by a Hungarian mathematician, Egervary for a linear graph theorem of Konig (1950) . Some other methods to solve the assignment problem have been developed, such as neural network (eg, Avis and Devroye, 1985) and genetic algorithm (eg, Eberhardt et al, 1991) .
In a standard assignment problem, only a crisp cost or profit from each possible assignment is considered. However, the costs in many real-world applications are not deterministic. Consider a consultant company, which provides different services to customers for predetermined charges in each case. The quality of the job (case), that is the satisfaction of the customer or the job performance of the worker (consultant) doing that case may be assumed to be positively correlated to the input time (cost) of the worker. The highest quality of the case is different because of the difference among individual workers. Furthermore, the manager of the company usually restricts the total labour hours or costs to a range as his fuzzy goal. Hence, we assume a minimum cost for a worker to perform a job, and greater cost spent may result in higher quality until it reaches an upper bound, where an increase in cost does not increase the quality. In this case, the costs are no longer deterministic numbers (see also Lin and Wen, 2004) .
To solve such assignment problem with fuzzy cost, Lin and Wen (2004) suggested two methods based on the labelling algorithm, including mixed integer nonlinear programming, and 0-1 fractional programming. In the suggested 0-1 fractional programming, the authors considered that the maximum membership functions equal to 1. Hence, its role as a membership function is disappeared. Furthermore, the suggested model is only dependent on the endpoints of intervals corresponding to the fuzzy membership functions.
In this paper, we will present an alternative linear programming model for the fuzzy assignment problem. In terms of the computational efficiency, it is usually preferred to nonlinear models. First, we generate k data points from each fuzzy number interval while considering the corresponding membership number. Then, Data Envelopment Analysis (DEA) (Charnes et al 1978;  see also Emrouznejad et al, 2008 and De Witte, 2010 ) is used to define the relative efficiency for each data point, and the ranking of the fuzzy numbers. Finally, the fuzzy assignment problem will be converted to a standard assignment problem using the methods proposed by Zerafat Angiz et al (2003, 2009) and Chen and Lu (2007) . Hence the aim of the study is to use the Chen and Lu (2007) formulation except that we redefine the objective function. The rest of the paper is organized as follows. Section 2 overviews recently developed assignment problem models with fuzzy data. Section 3 presents an alternative formulation for the assignment problems using DEA. Section 4 illustrates the method using a numerical example. Section 5 concludes the paper and points out the future direction.
An overview of the fuzzy assignment problems
The assignment problem is concerned with assigning n jobs to n individuals. Hence, the main objective of the assignment problem is to assign each job/task to a different machine/individual that is available in order to minimize costs (or maximize profits). In the standard assignment problems there is only one cost/profit variable to be minimized/maximized. Hereafter, in this paper, we consider the cost minimization; though the profit maximization can also be formulated in a similar manner. Lin and Wen (2004) assumed that the elements of the cost matrix of the assignment problem are subnormal fuzzy intervals with increasing linear membership functions, whereas the membership function of the total cost is a fuzzy interval with decreasing linear membership function. Then, they used the max-min criterion suggested by Bellman and Zadeh (1970) , and formulated the fuzzy assignment problem as a mixed integer nonlinear programming problem.
Consider an assignment problem, in which there are n jobs to be performed and n machines are available for doing these jobs. Let c˜i j be a fuzzy cost and c ij l , c ij u be the least costs associated with machine i performing job j at the lowest and highest quality of q ij , respectively. Suppose that the membership function corresponded to fuzzy number c˜j is a linear monotone increasing function as follows.
Furthermore, let us define the membership function of c˜T as the following linear monotonically decreasing function, in which a and b are defined as the lower and upper bounds of the total cost, respectively.
Hence, the corresponding fuzzy assignment problem, proposed by Lin and Wen (2004) (2007) have extended the standard assignment problem to multiple incommensurate inputs and outputs for each possible assignment using DEA. Suppose that there are n machines and n jobs to be assigned, and there are m inputs and s outputs in each possible assignment. For the assignment of machine i to job j, the inputs and outputs are denoted as
. . , n; respectively. Chen and Lu (2007) proposed to solve the following two DEA type assignment problems.
Model 2. The DEA type assignment problems
v q X q tj p0; t ¼ 1; 2; :::; n v q X0; u p X0 q ¼ 1; ym; p ¼ 1; yk They then defined the relative performance for assigning machine i to job j as a product of the optimum value of the objective function in the above two linear programming models, that is:
. Finally, they proposed to solve model 1 with the objective function max P
n s ij Â log(E ij ) to maximize the relative performance instead of the profit.
A new formulation for the assignment problems with fuzzy data
Generally, the assignment problem with fuzzy numbers can be formulated in model 1 except that the objective function
Consider the assignment of n jobs to n machines. Associated with each allocation of machine/individual i (i ¼ 1, 2, . . . , n) to job/task j (j ¼ 1, 2, . . . , n), there are m different inputs c ij k (k ¼ 1, 2, . . . , m), of which the values are corresponding to the related a-cuts or the points located in the fuzzy number interval that are made by partition.
Suppose that DMU ij (i, j ¼ 1, 2, . . . , n) corresponds to the assignment of the ith machine to the jth job associated with m inputs c ij k (k ¼ 1, 2, . . . , m) to produce a single output. Consider the fuzzy numbers c˜1 1 , c˜1 2 , c˜1 3 , . . . , c˜n n , in which the membership function c˜i j is defined as ( Ã ). Suppose that DMU ij i, j ¼ (1, 2, . . . , n) corresponds to the fuzzy number c˜i j . This DMU consumes m inputs c ij 1 , c ij 2 , ..., c ij m to produce a single output. The mathematical model for evaluating DMU lp is similar to model 3 except that the first constraint becomes, P
. Consider the membership function and a discrete view for fuzzy numbers, this can be formulated to: 
Model 4 is nonlinear, so for converting it to a linear programming, we assume that w
where w ij k þ X0 and w ij kÀ X0, we obtain the following model:
Model 5. A new linear programming model for the assignment problems
Now we compute E l,p (1) and E l,p (2) using the following definition in the above multi-objective linear programming. E ð1Þ ðl; pÞ ¼ E l; j ðl; pÞ and E ð2Þ ðl; pÞ ¼ E i; p ðl; pÞ Note that this is an extension to model 2 proposed by Chen and Lu (2007) for solving the assignment problem with fuzzy cost. The most important advantage of the suggested method is that we will consider linear multiple objectives.
Example of the fuzzy assignment problem
In this section, we use a numerical example to show the applicability of the proposed model. Consider the following cost and quality matrices (Chen and Lu, 2007) . , m(c 11 5 )) ¼ (13.00, 0.9). Now the problem is converted to an extended assignment problem. Using the proposed model, the relative performances for E i,j
are listed in Table 2 .
Computing log(E i, j )(i, j ¼ 1, 2, 3), Table 3 is resulted. This table shows a standard assignment problem and can be solved by any associated algorithms.
By using the Hungarian algorithm, the following results are obtained. Job/task 1 is assigned to machine/worker 2, Job/task 2 is assigned to machine/worker 3, and Job/task 3 is allocated to machine/worker 1.
Conclusions
The assignment problem is concerned with assigning the jobs/tasks to machines/individuals, with an objective of minimizing the total cost or maximizing the total profit. In the real-world applications, assignments are too complex to consider deterministic costs or profits for each allocation. Managers hope not only to promote the quality of each job, task, etc when assigning to a specific worker, but also to minimize the total cost used. However, the cost of each job, depending on the quality, may not be a precise number. In this paper a method for solving the assignment problem with fuzzy costs was introduced. First, in summary, an n partition is made in the fuzzy number intervals, in which each point is considered as an input with a unique membership value. In the suggested approach, a revised method based on Chen and Lu (2007) and Zerafat Angiz et al (2003) was used to assign the jobs/tasks to machines/individuals. Table 2 The relative performance of the ith task assigned to each worker
E i, j Zerafat Angiz L M, Saati SM and Mokhtaran M (2003) . An alternative approach to assignment problem with non-homogeneous costs using common set of weights in DEA. Far East J Appl Math l0(1): 29-39.
